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Light-matter interaction in Quantum Mechanics

Accurate (for non-relativistic charges)

Computationally intractable

Minimal Coupling Hamiltonian

H =
X

j

(p̂j �QjÂ)2

2mj
+ V ({x̂j}) +HEM

kinetic electrostatic radiation



Approximate models are needed!

Technologically relevant (e.g. Circuit QED)

R. J. Schoelkopf & S. M. Girvin Nature 451, 664 (2008)

few degrees of freedom understanding fundamental 
processes
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Fig. 11.3 The results of a measurement of the vacuum Rabi splitting performed by the Caltech
group. Six different studies are shown, together with a comparison to theory (solid line). From [9]

at a photodetector and thus the transmission coefficient T (ωp) can be measured.
The results for six cases in which one atom was present in the cavity are shown
in Fig. 11.3. Also shown as a solid line is the theoretical prediction based on the
steady state solution to the master equation. The asymmetry of the peaks is due to
the different Stark shifts for the Zeeman sub-levels of the excited state and optical
pumping.

11.1.2 Single Photon Sources

In Chap. 16 we discuss how single photons can be used to encode and process
information in a fully quantum coherent fashion. To realise such scheme however
requires a very special kind of light source that produces a train of transform limited
pulses each containing one and only one photon with high probability. Cavity QED
schemes can be used to generate such states. If an atom, coupled to a single mode
cavity field, was prepared in the excited state at time t = t0, it will emit a photon into
the cavity on a time scale determined by g−1. If we are in the strong coupling regime,
this photon will be reabsorbed by the atom on the same time scale. This is not what

A.Boca et al, PRL. 93, 233603 (2004)E.g. single mode field + 2-level atom



light mode

matter mode

Analogous* to coupled oscillators:

Dicke model

HEM

matter mode b

cavity mode a

(with a couple more springs)



A2 term `controversy’ in a nutshell

Q: what is the most appropriate value of D?

Suppose to know* these parameters

Relevant for the Ultrastrong Coupling Regime

enables the Dicke Phase Transition

expected



Excerpts from the A2 term debate (1)

ARTICLE
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In cavity quantum electrodynamics (QED), the interaction between an atomic transition and 
the cavity field is measured by the vacuum Rabi frequency 0. The analogous term ‘circuit 
QED’ has been introduced for Josephson junctions, because superconducting circuits behave 
as artificial atoms coupled to the bosonic field of a resonator. In the regime with 0 comparable 
with the two-level transition frequency, ‘superradiant’ quantum phase transitions for the cavity 
vacuum have been predicted, for example, within the Dicke model. In this study, we prove that 
if the time-independent light-matter Hamiltonian is considered, a superradiant quantum critical 
point is forbidden for electric dipole atomic transitions because of the oscillator strength sum 
rule. In circuit QED, the analogous of the electric dipole coupling is the capacitive coupling, 
and such no-go property can be circumvented by Cooper pair boxes capacitively coupled to a 
resonator, because of their peculiar Hilbert space topology and a violation of the corresponding 
sum rule. 

No-go theorem for superradiant quantum phase 
transitions in cavity QED and counter-example  
in circuit QED
Pierre Nataf1 & Cristiano Ciuti1

for Cavity QED

for Circuit QED



Excerpts from the A2 term debate (2)

Superradiant Phase Transitions and the Standard Description of Circuit QED

Oliver Viehmann,1 Jan von Delft,1 and Florian Marquardt2

1Physics Department, Arnold Sommerfeld Center for Theoretical Physics, and Center for NanoScience,
Ludwig-Maximilians-Universität, Theresienstraße 37, 80333 München, Germany

2Institut for Theoretical Physics, Universität Erlangen-Nürnberg, Staudtstraße 7, 91058 Erlangen, Germany
(Received 29 March 2011; published 8 September 2011)

We investigate the equilibrium behavior of a superconducting circuit QED system containing a large

number of artificial atoms. It is shown that the currently accepted standard description of circuit QED via an

effectivemodel fails in an important aspect: it predicts the possibility of a superradiant phase transition, even

though a full microscopic treatment reveals that a no-go theorem for such phase transitions known from

cavityQEDapplies to circuitQED systems aswell.Wegeneralize the no-go theorem to the case of (artificial)

atoms with many energy levels and thus make it more applicable for realistic cavity or circuit QED systems.

PRL 107, 113602 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending

9 SEPTEMBER 2011

for circuit QED



Excerpts from the A2 term debate (3)

Elimination of the A-Square Problem from Cavity QED

András Vukics,1,* Tobias Grießer,2 and Peter Domokos1
1Institute for Solid State Physics and Optics, Wigner Research Centre for Physics, Hungarian Academy of Sciences,

P.O. Box 49, H-1525 Budapest, Hungary
2Institut für Theoretische Physik, Universität Innsbruck, Technikerstraße 25, 6020 Innsbruck, Austria

(Received 2 October 2013; published 20 February 2014)

We generalize the Power-Zineau-Woolley transformation to obtain a canonical Hamiltonian of cavity
quantum electrodynamics for arbitrary geometry of boundaries. This Hamiltonian is free from the A-square
term and the instantaneous Coulomb interaction between distinct atoms. The single-mode models of cavity
QED (Dicke, Tavis-Cummings, Jaynes-Cummings) are justified by a term by term mapping to the
proposed microscopic Hamiltonian. As one straightforward consequence, the basis of no-go argumenta-
tions concerning the Dicke phase transition with atoms in electromagnetic fields dissolves.

DOI: 10.1103/PhysRevLett.112.073601 PACS numbers: 42.50.Pq, 05.30.Rt, 37.30.+i, 42.50.Nn

The fundamental description of the interaction of atom-
istic matter with the electromagnetic field in the Coulomb
gauge is known to suffer from the presence of an awkward
term containing the square of the vector potential. In most
of the practical cases, in the framework of a diluteness
assumption for the atoms, this term can be neglected and
the observable effects are ultimately accounted for in terms
of a simplified model, such as the Jaynes-Cummings one.
In typical quantum optical systems, such a phenomeno-
logical approach with properly adjusted parameters usually
gives a satisfactory quantitative accuracy. However, there
are situations where even the qualitative behavior of the
system is questionable because of the confusion around
this term. A prominent example is the Dicke model, where
the very existence of the predicted superradiant phase
transition depends on the validity of the adopted effective
model [1–4]. Another important field in this respect is the
so-called ultrastrong coupling regime [5] realized by
novel artificial systems [6,7], where the Coulomb gauge
entailing the A-square term is not well suited to the
consistent description of light-matter interaction and the
self-interaction within the polarizable medium [8].
In this Letter, we show that cavity quantum electrody-

namics, i.e., when the field itself as well as the light-matter
interaction is significantly influenced by the presence of
boundaries, can be established at a fundamental level on a
Hamiltonian which eliminates the problem of the A-square
term. We present a canonical transformation which makes
manifest that this term is compensated by a dipole-dipole
interaction term, and the remaining terms are of a simple
linear form [9]. From our approach, it follows, for example,
that there is no principle that would prevent the super-
radiant phase transition in the case of an ensemble of
atomic dipoles in a cavity. The canonical transformation is
analogous to the Power-Zienau-Woolley transformation in
free space; however, in our approach we allow for arbitrary
geometry, thereby treating the general cavity QED system.

All our vector fields are, thus, defined on a generic
(possibly even multiply connected) domain D in the
three-dimensional real space bounded by (possibly several
disjunct) sufficiently smooth surfaces ∂D, which consist of
a perfect conductor. Overall, D is assumed to be bounded.
Consider an arbitrary number of point charges coupled to

the electromagnetic field confined into D. In the Coulomb
(minimal-coupling) gauge, defined by

∇ ·A ¼ 0; (1)

the Hamiltonian of the system reads

H¼
X

α

½pα−qαAðrαÞ%2

2mα
þε0

2

Z

D
d3rð∇UÞ2þHfield; (2a)

with U being the scalar potential, pα the canonical
momentum of particle α conjugate to its position rα, and

Hfield ¼
ε0
2

Z

D
d3r

!"
Π
ε0

#
2

þ c2ð∇ ×AÞ2
$
; (2b)

with Π ¼ ε0∂tA being the momentum conjugate to A.
An important observation is that, unlike in free space,

condition (1) does not fix the potentials completely.
The remaining freedom of choosing the potentials within
the Coulomb gauge amounts to a freedom in choosing
different constant values for U on each of the connected
components of ∂D, which will result in various configu-
rations of capacitor fields carried by U. Our choice, here,
will be to set

Uj∂D ¼ 0 and A × nj∂D ¼ 0: (3)

Together with Eq. (1), the latter condition makes up for the
vector potential satisfying both the electric and magnetic
boundary conditions [10].

PRL 112, 073601 (2014) P HY S I CA L R EV I EW LE T T ER S
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for Cavity QED!

?
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Our proposal 

Estimate D with an experiment!

… because the theory is too difficult!



Research question (1)

Quantum Cramer-Rao bound

How much information about D  
is contained in the ground state? 

Estimator , N measurements

variance of 
estimated D Quantum Fisher info



Quantum Fisher Information (QFI)

(ignore if unfamiliar with notation)

Experimentally  
relevant regime 

“error bar”:



Homodyne detection

= fundamental, measurement-independent quantityH(D)

How much information can we access via feasible measurements?

matter mode b

cavity mode a

âe�i' + â†ei'

Cramer-Rao bound Classical Fisher info

F (D) =

Z
dx[@Dp(x|D)]2/p(x|D)

(for N measurements)



Near-optimality of Homodyne detection

R =
F (D)

H(D)

R ' 1� 8!2
a

(!a + !b)4
�2 +O(�4)

Ra =
F (D)

Ha(D)

Ha(D)  =  QFI  
of reduced field state

Small / moderate coupling



system initially 
in coupled 

ground state

sudden switch - off 
of the coupling

Non adiabatic switch-off of light matter interactions

How to access the cavity field?

measurement

relaxation to the  
empty cavity  
ground state

Experimentally feasible!

LETTERS

Sub-cycle switch-on of ultrastrong light–matter
interaction
G. Günter1, A. A. Anappara1,2, J. Hees1, A. Sell1, G. Biasiol3, L. Sorba2,3, S. De Liberato4,5, C. Ciuti4, A. Tredicucci2,
A. Leitenstorfer1 & R. Huber1

Controlling the way light interacts with material excitations is at
the heart of cavity quantum electrodynamics (QED). In the strong-
coupling regime, quantum emitters in a microresonator absorb
and spontaneously re-emit a photon many times before dissipa-
tion becomes effective, giving rise to mixed light–matter
eigenmodes1–12. Recent experiments13 in semiconductor microca-
vities reached a new limit of ultrastrong coupling14, where photon
exchange occurs on timescales comparable to the oscillation
period of light. In this limit, ultrafast modulation of the coupling
strength has been suggested to lead to unconventional QED phe-
nomena14,15. Although sophisticated light–matter coupling has
been achieved in all three spatial dimensions, control in the fourth
dimension, time, is little developed. Here we use a quantum-well
waveguide structure to optically tune light–matter interaction
from weak to ultrastrong and turn on maximum coupling within
less than one cycle of light. In this regime, a class of extremely non-
adiabatic phenomena becomes observable. In particular, we
directly monitor how a coherent photon population converts to
cavity polaritons during abrupt switching. This system forms a
promising laboratory in which to study novel sub-cycle QED
effects and represents an efficient room-temperature switching
device operating at unprecedented speed.

Microcavities enclosing a material resonance provide an elegant
way to tailor the strength of light–matter interaction, quantified by
the vacuum Rabi frequency, VR. Intuitively, VR represents the rate at
which a photon is exchanged between an optical transition and a
cavity mode through spontaneous emission and absorption. The
following three regimes are distinguished. (1) For weak coupling,
the discrete density of photonic states modifies the radiative lifetime
of the material excitation (Purcell effect16). (2) If VR exceeds the
dissipation rates of light and matter fields, two polariton branches
emerge as new eigenstates featuring an energy splitting of 2BVR, where
B denotes Planck’s constant divided by 2p. This strong-coupling
regime has been investigated in diverse systems, ranging from atoms1,2

through excitons in semiconductor quantum wells3 and quantum
dots5,9 to Cooper-pair boxes6,10. Exciting perspectives arise for
quantum information processing5,6,10, lasing without inversion17 and
polaritonic Bose–Einstein condensation17,18. (3) Most recently, the
giant dipole moments of intersubband transitions in quantum wells19

have allowed for ultrastrong light–matter coupling13–15. Here VR is
large enough to amount to a significant fraction of the transition
frequency, v12 (for example, 2VR/v12 5 0.2 in ref. 13).

In this regime, anti-resonant terms of the interaction Hamiltonian,
usually accounted for in strongly driven systems only, become relevant
even in equilibrium. The ground state is predicted to be a squeezed
vacuum containing a finite number of virtual photons14. As long as the

quanta are confined inside the cavity, their unconventional nature
remains hidden. Theory shows that non-adiabatic switching of VR,
introducing changes on a timescale shorter than the cycle of light, may
release these virtual quanta in correlated pairs14,15. This example
reveals a fundamental weakness of state-of-the-art light–matter
control: up to now, non-adiabatic phenomena have remained an
academic curiosity because there has been no laboratory capable of
controlling light–matter interaction on a sub-cycle scale. Electronic
tuning by means of an external gate voltage is clearly too slow7; theore-
tical proposals to modulate the dielectric constant of a cavity or the
reflectivity of a mirror20 have not been implemented for the required
timescale either.

We introduce an all-optical scheme for femtosecond control of
ultrastrongly coupled cavity polaritons—a test bed for targeting
non-adiabatic light–matter interaction. The idea is sketched in
Fig. 1. For maximum modulation depth, we start with an empty
microcavity (Fig. 1a) and turn on coupling by direct injection of the
emitter itself (Fig. 1b). Our sample contains 50 identical, undoped
GaAs quantum wells separated by Al0.33Ga0.67As barriers (Fig. 1c). The
electronic wavefunctions are quantized along the growth
direction forming subbands j1æ and j2æ, which are unpopulated in
thermal equilibrium. Radiative transitions between the subbands
become possible only if electrons are injected into the first subband.
The intersubband absorption line is centred at Bv12 5 113 meV
(wavelength, l 5 11mm) with a dipole moment oriented along the
growth direction. We embed the quantum wells in a planar waveguide
for mid-infrared radiation. The effective thickness of the structure
corresponds to l/2 at an internal propagation angle of h 5 65u.
Hence, photon modes with electric field components in the growth
direction (TM polarization) couple resonantly to intersubband tran-
sitions as long as the subbands are populated. The vacuum Rabi
frequency is known to scale with the electron sheet density, Ne, in
level j1æ as VR!

ffiffiffiffiffiffi
Ne

p
(refs 7, 14, 15). In previous work, Ne was

provided by static doping or electronic injection, both of which are
difficult to modulate with high bandwidths. We employ a 12-fs
control pulse centred at a photon energy of 1.55 eV to excite electrons
resonantly from the valence band into conduction subband j1æ
(Fig. 1c). Because the inverse frequency of the intersubband transition
is 37 fs, we activate it within less than half a cycle of light.

The eigenmodes of this system are resonantly sampled by reflec-
tance of a phase-stable mid-infrared pulse (blue curve, Fig. 1c)
coupled through the prism-shaped substrate. To achieve sub-cycle
resolution, the real-time oscillations of the probe field are mapped
out by phase-matched electro-optic detection21. Such ultrabroad-
band terahertz optoelectronics (refs 22, 23 and references therein)
has proved to be a powerful tool for investigating the field response of

1Department of Physics and Center for Applied Photonics, University of Konstanz, Universitätsstra!e 10, 78464 Konstanz, Germany. 2Laboratorio NEST, CNR-INFM and Scuola
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Conclusions

We quantified how much information on D is encoded in the ground state 
of the Dicke model (via Quantum Fisher Information)

Homodyne detection is nearly optimal in relevant parameter regimes

The cavity field can be accessed via non-adiabatic switch-off of interactions 

D-meter

The A2 term debate could be settled experimentally
Our main message:
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